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1. Introduction
Throughout the paper, L(X, Y ) will stand for the space of all linear (not necessarily continuous!) maps acting between
two Banach spaces X, Y ; LD(X, Y ) stands for the set of all T ∈ L(X, Y ) whose restriction to some dense linear subspace
of X is continuous, and LI (X, Y ) stands for the set of all T ∈ L(X, Y ) whose restriction to some inﬁnite dimensional linear
subspace of X is continuous. By L(X, Y ) we denote the space of all linear continuous operators from X to Y . Bogachev,
Kircheim and Schachermayer pose in [1,2] the following three questions:
Question 1. Characterize the pairs (X, Y ) of Banach spaces such that L(X, Y ) = LI (X, Y ).
Question 2. Let X be a separable inﬁnite dimensional Banach space. Does the equality L(X, c0) = LD(X, c0) hold?
Question 3. Does the equality L(1, X) = LI (1, X) hold?
To them, they address interesting partial answers. To Question 1:
• For 1< p  q < +∞ one has L(lp, lq) = LI (lp, lq).
• Let X be a separable inﬁnite dimensional Banach space. Then L(X, c0) = LI (X, c0).
• Let X be a separable inﬁnite dimensional Banach space not containing copies of 1. Then L(X, 1) = LI (X, 1).
They also show that L(1, X) = LD(1, X) always holds, but Bollobás and Leader [3] partially answer negatively Ques-
tion 3 by showing that there are linear functionals ϕ : 1 → R whose restriction to any inﬁnite dimensional closed subspace
of 1 is not continuous.
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• L(lp, lq) = LD(lp, lq) if and only if p ∈ {1,2}.
• Let X be a separable inﬁnite dimensional Banach space. Then L(X, Y ) = LD(X, Y ) for every separable Y if and only if
X = 1.
• Let X be a separable inﬁnite dimensional Banach space and let Y be an uncomplemented closed subspace. Then
L(X/Y , X) = LD(X/Y , X).
This last result provides, taking X = c0, a negative answer to Question 2.
In this note we give a complete solution to Question 2. Precisely, we will show:
Theorem 1. A separable Banach space X is an L1-space if and only if L(X, c0) = LD(X, c0).
Our proof is based on the following characterization of L1-spaces:
Proposition 1. A separable Banach space X is an L1-space if and only if Ext(X, H) = 0 for every subspace H of c0 .
This completes [9, Cor. 5.5] in which it appears a proof of the necessity. For the sake of completeness we present
here an independent proof for the necessity. Proposition 1 is in sharp contrast with the main result in [13] which, in
particular, yields that for every L1-space X there exists a linear map T : X → c0 that is not continuous on any closed
inﬁnite dimensional subspace (even if L(X, c0) = LI (X, c0) when X is separable).
All throughout the paper “subspace” stands for closed linear subspace and “operator” stands for linear continuous oper-
ator.
2. Preliminaries
An exact sequence
0 −−−−→ Y −−−−→ E −−−−→ X −−−−→ 0 (1)
is said to split if Y is complemented in E . The sequence is said to locally split if its dual sequence
0 −−−−→ X∗ −−−−→ E∗ −−−−→ Y ∗ −−−−→ 0,
splits. Two exact sequences are said to be equivalent if there exists an operator T : E → E1 making commutative the diagram
0 −−−−→ Y −−−−→ E −−−−→ X −−−−→ 0
‖ T
⏐
⏐
 ‖
0 −−−−→ Y −−−−→ E1 −−−−→ X −−−−→ 0.
The classical algebraic “3-lemma” (see [7]) shows that T must be an isomorphism. We call Ext(X, Y ) the set of exact
sequences 0 → Y → E → X → 0 modulus the equivalence relation. An exact sequence is said to be trivial if it is equivalent
to a split exact sequence. Thus, Ext(X, Y ) = 0 means that every exact sequence as (1) splits. In other words, that whenever
Y is a subspace of a Banach space E in such a way that E/Y is isomorphic to X then Y it must be complemented in E . For
a sequence of Banach spaces Yn , we will say that Ext(X, Yn) = 0 holds uniformly [4,6] if there exists C > 0 so whenever Yn
is isometric to a subspace of E in such a way that E/Yn is isometric to X then Yn is at most C-complemented in E .
A commutative diagram
0 −−−−→ Y i−−−−→ W q−−−−→ Z −−−−→ 0
‖

⏐
⏐u

⏐
⏐t
0 −−−−→ Y −−−−→
j
E −−−−→
Q
X −−−−→ 0
will be called a pull-back diagram. It is well known, although we will prove it now, that the lower sequence in a pull-back
diagram splits if and only if t can be lifted to an operator T : X → W : indeed, if t can be lifted to an operator T : X → W
since q(u − T Q ) = qu − qT Q = qu − tQ = 0 there is an operator ν : E → Y so that iν = u − T Q . Then P = jν deﬁnes an
operator E → E that is in fact a projection onto Y : since iν j = (u − T Q ) j = u j = i and i is injective, ν j = idY . The converse
is trivial.
Let λ 1. We say that a Banach space X is an L1,λ-space if every ﬁnite dimensional subspace M of X is contained in
another ﬁnite dimensional subspace N for which dBM(N, dimN∞ ) λ, where dBM stands for the Banach–Mazur distance. The
space X is an L1-space if it is an L1,λ-space for some λ 1.
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3. Proofs
We begin with the proof of Proposition 1.
Proof. Let X be an L1-space and let H be a subspace of c0. The injectivity of ∞ implies that every exact sequence
0 → H → E → X → 0 can be placed in a pull-back diagram
0 −−−−→ H i−−−−→ ∞ q−−−−→ ∞/H −−−−→ 0
‖

⏐
⏐u

⏐
⏐t
0 −−−−→ H −−−−→
j
E −−−−→
Q
X −−−−→ 0;
thus, to show that Ext(X, H) = 0 it is enough to show that every operator X → ∞/H can be lifted to ∞ .
By the Lindenstrauss–Rosenthal theorem (see [12]; or else [8]), given two isomorphic separable subspaces of ∞ there is
an automorphism sending one to the other; which means that we can choose the copy of H in ∞ we prefer. Now, every
subspace of H of c0 contains a subspace isomorphic to c0(An), for a certain sequence (An) of ﬁnite dimensional Banach
spaces, so that the quotient c0/c0(An) is isomorphic to some c0(Bn), for another certain sequence (Bn) of ﬁnite dimensional
Banach spaces (see [12, 1.g.2 and 2.d.1]). In homological terms this can be expressed by saying that there are two sequences
of ﬁnite dimensional spaces (An) and (Bn) so that there is an exact sequence
0 −−−−→ c0(An) −−−−→ H −−−−→ c0(Bn) −−−−→ 0.
Since properties having the form Ext(X, ·) = 0 are three-space properties (see [5]), the result will follow from proving
that Ext(X, c0(An)) = 0 for every sequence (An) of ﬁnite dimensional spaces. It is therefore enough to work with subspaces
H of c0 having the form H = c0(An) and placed in ∞ via the embedding c0(An) → c0(m(n)∞ ) → ∞(m(n)∞ ), where An →

m(n)∞ is a (1+ 1/n)-isometry. Of course, ∞ = ∞(m(n)∞ ) and c0 = c0(m(n)∞ ). Observe the commutative diagram:
0 0
⏐
⏐

⏐
⏐

c0(An) = c0(An)
⏐
⏐

⏐
⏐

0 −−−−→ ∞(An) −−−−→ ∞(m(n)∞ ) Q−−−−→ Z −−−−→ 0
p
⏐
⏐

⏐
⏐
P ‖
0 −−−−→ ∞(An)/c0(An) −−−−→ ∞(m(n)∞ )/c0(An) −−−−→
q
Z −−−−→ 0
⏐
⏐

⏐
⏐

0 0.
Every exact sequence with the form 0 → Y → E → X → 0 locally splits when X is an L1-space since its dual is injective;
and it was observed by Johnson [10] that local splitting is equivalent to the property that for every sequence (Cn) of ﬁnite
dimensional spaces, every operator t : Y → ∞(Cn) can be extended to E . Thus, every exact sequence
0 −−−−→ ∞(An) −−−−→ W −−−−→ X −−−−→ 0
in which X is an L1-space splits.
Now, given an operator φ : X → ∞(m(n)∞ )/c0(An), the composition qφ can be lifted through Q to an operator Ψ :
X → ∞(m(n)∞ ); namely, Q Ψ = uφ. The difference operator Pψ − φ takes values in ∞(An)/c0(An) since qPψ = Q ψ =
qφ, so q(Pψ − φ) = 0. Since c0(An) is an M-ideal in ∞(An) (see [11, Theorem III.1.6]) and L1-spaces have the Bounded
Approximation Property, it follows from [11, Theorem II.2.1] that Pψ − φ can be lifted to ∞(An) through p; namely, there
is an operator η so that pη = Pψ − φ. The operator ψ − η : X → ∞ veriﬁes
P (ψ − η) = Pψ − Pψ + φ = φ.
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for every sequence (An) of ﬁnite dimensional Banach spaces. This immediately implies that Ext(X, An) = 0 uniformly, and
thus Ext(X, ∞(An)) = 0. It follows from Johnson’s criterion that every exact sequence 0 → Y → E → X → 0 locally splits.
Taking any exact sequence 0 → Y → 1(Γ ) → X → 0, one gets that X∗∗ is complemented in 1(Γ )∗∗ . Thus X∗∗ is an
L1-space, and the same must be true for X . 
To prove now Theorem 1, we will use the basic technique developed by Shkarin [14]: Given separable Banach spaces X, W ,
L(X,W ) = LD(X,W ) if and only if for any closed linear subspace Y ⊂ W and any A ∈ L(X,W /Y ) there exists B ∈ L(X,W ) such
that qB = A, where q : W → W /Y is the canonical quotient map.
This criterion can thus be reformulated as follows: The equality L(X,W ) = LD(X,W ) holds if and only if any pull-back
diagram
0 −−−−→ Y −−−−→ W q−−−−→ W /Y −−−−→ 0
‖

⏐
⏐

⏐
⏐A
0 −−−−→ Y −−−−→ E −−−−→ X −−−−→ 0
splits.
Proof of Theorem 1. Suppose that X is an L1-space. Then Ext(X, H) = 0 for any subspace H of c0 by Proposition 1 and
thus the lower sequence in any pull-back diagram
0 −−−−→ H −−−−→ c0 q−−−−→ c0/H −−−−→ 0
‖

⏐
⏐

⏐
⏐t
0 −−−−→ H −−−−→ P B −−−−→ X −−−−→ 0
splits. Therefore the operator t can be lifted to c0 and thus L(X, c0) = LD(X, c0).
Conversely, let 0 → H j→ E → X → 0 be an exact sequence in which H is a subspace of c0 through some embedding
i : H → c0. By Sobczyk’s theorem, i can be extended to an operator J : E → c0, which yields a commutative pull-back
diagram:
0 −−−−→ H i−−−−→ c0 q−−−−→ c0/H −−−−→ 0
‖

⏐
⏐ J

⏐
⏐
0 −−−−→ H −−−−→
j
E −−−−→ X −−−−→ 0.
Thus the lower sequence splits. We have thus shown that Ext(X, H) = 0 for every subspace H of c0. 
We observe that the arguments in the proof of Proposition 1 provide the suﬃciency criterion.
Proposition 2. Let X, Y be separable Banach spaces for which Ext(X, V ) = 0 for every subspace V ⊂ Y ; then L(X, Y ) = LD(X, Y ).
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